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Abstract
The bound states of two particles are studied in frames of non-relativistic quan-
tum field model with current × current type interaction by analyzing the Bethe-
Salpeter amplitudes. The Bethe-Salpeter equations are obtained in closed form.
The existence of Goldstone mode corresponding to the spontaneous breaking of
additional SU(2) symmetry of the model is revealed.
The conventional approach to the investigation of two particle bound states in quantum
field theory is based on obtaining the Bethe-Salpeter equation (approximate in general)
[1]. In the paper [2] for the nonrelativistic model with current × current type interaction
two fermion bound states were examined by straightforward solving of the two particle
eigenstate problem for the total Hamiltonian. Since the Heisenberg fields of this model as
in relativistic case contain both creation and annihilation operators it seems instructive
to follow up the obtaining of the Bethe-Salpeter equation in the frames of this model.
In present paper it is shown that the existence of the closed Bethe-Salpeter equation
in this case is related with the fact that Hamiltonian does not contain the ”fluctuation”
terms [3], i.e. the terms which do not commute with the particle number operator.
Hamiltonian of the model has a form:
H =
∫
d3x
[
Ψ†aα (x)ε(~ˆp)Ψ
a
α(x)− λJµ(x)Jµ(x)
]
, (1)
where x = (~x, t),
ε(~ˆp)ei
~k~x = ε(~k)ei
~k~x, ~ˆp = −i~∇, J0 = Ψ†aα (x)Ψaα(x),
~J(x) =
1
2mc
(
Ψ†aα (x) ~ˆpΨ
a
α(x)− ~ˆpΨ†aα (x)Ψaα(x)
)
, (2)
α = 1, 2 is isospin index, a = 1, 2 is an index of the additional degrees of freedom.
ε(~k) =
~k2
2m
+mc2 - is a ”bare” fermion spectrum. Ψaα(x) is a Heisenberg fermionic field
which at t = 0 has the form:
Ψaα(~x, 0) =
1
(2π)
3
2
∫
d3k{ei~k~xfa(~k)Aα(~k) + e−i~k~xga(~k)A˜†α(~k)}, (3)
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where Aα(~k), A˜α(~k) are annihilation operators of two different kinds of fermions. They
satisfy the canonical anticommutation relations:{
Aα(~k), A
†
β(~q)
}
=
{
A˜α(~k), A˜
†
β(~q)
}
= δαβδ
3(~k − ~q), (4)
The vacuum state is defined with respect to both kinds of particles Aα(~k), A˜α(~k):
Aα | 0〉AA˜ = A˜α | 0〉AA˜ = 0 (5)
The amplitudes fa(~k), ga(~k) satisfy the completeness condition:
fa(~k)f¯ b(~k) + ga(−~k)g¯b(−~k) = δab; a, b = 1, 2. (6)
It was shown at [4] that the existence of the exact solution for the Hamiltonian implies
the condition fa, ga = const. At this condition Hamiltonian does not depend on fa, ga,
what allows to take them in the following form:
fa =
(
1
0
)
= δa1, g
a =
(
0
1
)
= δa2. (7)
So the field Ψaα(x) can be presented via ”frequency” parts Ψ
(−)
α (x) and Ψ
(+)
α (x):
Ψaα(x) = f
aΨ(−)α (x) + g
aΨ(+)α (x), (8)
where
Ψ(−)α (~x, 0) =
1
(2π)
3
2
∫
d3kei
~k~xAα(~k)
Ψ(+)α (~x, 0) =
1
(2π)
3
2
∫
d3ke−i
~k~xA˜†α(
~k). (9)
Let us write the Heisenberg equations for ”frequency parts”:
i
∂
∂t
Ψ(−)α (x) = [Ψ
(−)
α (x), H ] = EAΨ
(−)
α (x) + V
†
α (x),
−i ∂
∂t
Ψ(+)α (x) = − [Ψ(+)α (x), H ] = EA˜Ψ(+)α (x) + V˜ †α (x). (10)
Because of the nonrenormalizability of the model under the consideration one should
introduce an ultraviolet cut-off Λ:
1
V ∗
≡ 1
(2π)3
Λ∫
d3k =
1
6π2
Λ3; < k2 >≡
Λ∫ ~k2d3k
Λ∫
d3k
=
3
5
Λ2; g ≡ λ
V ∗
. (11)
Renormalized coupling constant g has dimension of energy and enters alone into the final
expressions for the all dynamical characteristics.
There are two point of views on the value of cut-off parameter Λ. First one is to remain
Λ finite choosing it by physical sense ([5],[6]). The second point of view is to consider Λ
2
as a regularization parameter only and tend it to infinity in final expressions, supposing
the definite behavior over Λ of ”bare” quantities ([7]).
Direct calculations in (10) lead to the expressions for one particle energies:
EA(~k) =
k2
2mA
+mc2 − 5g + g< k
2 >
4m2c2
;
EA˜(
~k) =
k2
2mA˜
−mc2 + 3g + g< k
2 >
4m2c2
; (12)
mA =
m
g
2mc2
+ 1
; mA˜ =
m
g
2mc2
− 1; m =
mA
2
(
1 +
√
1 +
2g
mAc2
)
.
V †α (x) = −2λΨ†(+)γ (x)Ψ(−)γ (x)Ψ(−)α (x) + 2λΨ(+)γ (x)Ψ†(−)γ (x)Ψ(−)α (x) +
+
4λ
(2mc)2
Ψ†(+)γ (x)~ˆpΨ
(−)
γ (x)~ˆpΨ
(−)
α (x)−
4λ
(2mc)2
~ˆpΨ†(+)γ (x)Ψ
(−)
γ (x)~ˆpΨ
(−)
α (x) +
+
4λ
(2mc)2
Ψ(+)γ (x)~ˆpΨ
†(−)
γ (x)~ˆpΨ
(−)
α (x)−
4λ
(2mc)2
~ˆpΨ(+)γ (x)Ψ
†(−)
γ (x)~ˆpΨ
(−)
α (x) +
+
2λ
(2mc)2
~ˆp
(
Ψ†(+)γ (x)~ˆpΨ
(−)
γ (x)
)
Ψ(−)α (x)−
2λ
(2mc)2
~ˆp
(
~ˆpΨ†(+)γ (x)Ψ
(−)
γ (x)
)
Ψ(−)α (x) +
+
2λ
(2mc)2
~ˆp
(
Ψ(+)γ (x)~ˆpΨ
†(−)
γ (x)
)
Ψ(−)α (x)−
2λ
(2mc)2
~ˆp
(
~ˆpΨ(+)γ (x)Ψ
†(−)
γ (x)
)
Ψ(−)α (x),
V˜ †α (x) = 2λΨ
†(+)
γ (x)Ψ
(−)
γ (x)Ψ
†(−)
α (x)− 2λΨ(+)γ (x)Ψ†(−)γ (x)Ψ†(−)α (x) + (13)
+
4λ
(2mc)2
Ψ†(+)γ (x)~ˆpΨ
(−)
γ (x)~ˆpΨ
†(−)
α (x)−
4λ
(2mc)2
~ˆpΨ†(+)γ (x)Ψ
(−)
γ (x)~ˆpΨ
†(−)
α (x) +
+
4λ
(2mc)2
Ψ(+)γ (x)~ˆpΨ
†(−)
γ (x)~ˆpΨ
†(−)
α (x)−
4λ
(2mc)2
~ˆpΨ(+)γ (x)Ψ
†(−)
γ (x)~ˆpΨ
†(−)
α (x) +
+
2λ
(2mc)2
~ˆp
(
Ψ†(+)γ (x)~ˆpΨ
(−)
γ (x)
)
Ψ†(−)α (x)−
2λ
(2mc)2
~ˆp
(
~ˆpΨ†(+)γ (x)Ψ
(−)
γ (x)
)
Ψ†(−)α (x) +
+
2λ
(2mc)2
~ˆp
(
Ψ(+)γ (x)~ˆpΨ
†(−)
γ (x)
)
Ψ†(−)α (x)−
2λ
(2mc)2
~ˆp
(
~ˆpΨ(+)γ (x)Ψ
†(−)
γ (x)
)
Ψ†(−)α (x).
As one can see threelinear terms V †α , V˜
†
α acting on vacuum vanish
V †α | 0〉 = V˜ †α | 0〉 = 〈0 | V †α = 〈0 | V˜ †α = 0, (14)
due to the absence of ”fluctuational terms” in the Hamiltonian (1). This fact turns out
to be essential condition for Bethe-Salpeter equation to have closed form.
Let us consider the Bethe-Salpeter (BS) amplitudes for fermionic fields Ψaα(x):
GAA,abαβ (x, y;
~P ) = 〈0 | T
(
Ψaα(x)Ψ
b
β(y)
)
| DAA(~P )
〉
,
GA˜A˜,abαβ (x, y;
~P ) = 〈0 | T
(
Ψ†aα (x)Ψ
†b
β (y)
)
| DA˜A˜(~P )
〉
,
GAA˜,abαβ (x, y;
~P ) = 〈0 | T
(
Ψaα(x)Ψ
†b
β (y)
)
| DAA˜(~P )
〉
, (15)
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where | DAA(~P )
〉
, | DA˜A˜(~P )
〉
and | DAA˜(~P )
〉
are two particle bound states of three
possible kinds: A−A, A˜− A˜, A− A˜ particles respectively. The action of Hamiltonian on
these states gives the equation for bound states energies µAA(~P ), µA˜A˜(
~P ), µAA˜(
~P ):
H | DAA(~P )
〉
= (W0 + µAA(~P )) | DAA(~P )
〉
,
H | DA˜A˜(~P )
〉
= (W0 + µA˜A˜(
~P )) | DA˜A˜(~P )
〉
,
H | DAA˜(~P )
〉
= (W0 + µAA˜(
~P )) | DAA˜(~P )
〉
. (16)
W0 is the vacuum energy.
Let us rewrite the BS amplitudes via ”frequency” parts. One can see that matrix
elements containing creation operators vanish. Therefore, we have:
GAA,abαβ (x, y;
~P ) = faf b 〈0 | T
(
Ψ(−)α (x)Ψ
(−)
β (y)
)
| DAA(~P )
〉
,
GA˜A˜,abαβ (x, y;
~P ) = g¯ag¯b 〈0 | T
(
Ψ†(−)α (x)Ψ
†(−)
β (y)
)
| DA˜A˜(~P )
〉
,
GAA˜,abαβ (x, y;
~P ) = fag¯b 〈0 | T
(
Ψ(−)α (x)Ψ
†(−)
β (y)
)
| DAA˜(~P )
〉
. (17)
So instead of BS amplitudes (15) we will consider the ones written via ”frequency” parts
which carry the isospin indexes only:
GAA,abαβ (x, y;
~P ) = faf bGAAαβ (x, y;
~P ),
GA˜A˜,abαβ (x, y;
~P ) = g¯ag¯bGA˜A˜αβ (x, y; ~P ),
GAA˜,abαβ (x, y;
~P ) = fag¯bGAA˜αβ (x, y;
~P ). (18)
Thus using (10) we derive differential equations on these BS amplitudes. Let us write for
example the one for GAAαβ (x, y;
~P ):
(
i
∂
∂tx
−EA(∇x)
)
GAAαβ (x, y; ~P ) = 〈0 | T
(
V †α (x)Ψ
(−)
β (y)
)
| DAA(~P )
〉
,
(
i
∂
∂ty
− EA(∇y)
)(
i
∂
∂tx
− EA(∇x)
)
GAAαβ (x, y;
~P ) =
= −iδ(tx − ty)
〈
0 |
{
V †α (x),Ψ
(−)
β (y)
}
| DAA(~P )
〉
= (19)
= −2iλ
{
1− 1
(2mc)2
[
~ˆp
2
ξ − ~ˆp
2
x + 2~ˆpη(~ˆpξ − ~ˆpx)
]}
δ4(x− y)GAAαβ (η, ξ; ~P )|x=ξ=η.
Here it is taken into account that at equal times
〈0 | T
(
Ψ(−)α (x)Ψ
(−)
β (y)
)
| DAA(~P )
〉
|tx=ty=t = 〈0 | Ψ(−)α (~x, t)Ψ
(−)
β (~y, t) | DAA(~P )
〉
|tx=ty=t.
The corresponding expressions for GA˜A˜αβ (x, y;
~P ) and GAA˜αβ (x, y;
~P ) could be obtained by
the same way. The first of them has the similar form as (19), and the last one differs by
sign of contribution from zero component J0(x) in the Hamiltonian (1).
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The expression (19) can be rewritten in the integral form:
GAAαβ (x, y;
~P ) = 2iλ
∫
d4σd4z △ (x− z)△ (y − σ) {1− (20)
− 1
(2mc)2
[
~ˆp
2
ξ − ~ˆp
2
x + 2~ˆpη(~ˆpξ − ~ˆpx)
]}
δ4(z − σ)GAAαβ (η, ξ; ~P )|z=ξ=η,
where △(x) is the casual (coinciding with retarded) Green function, satisfying the equa-
tion: (
i
∂
∂tx
−EA(∇x)
)
△ (x− z) = iδ4(x− z). (21)
Putting now tx = ty = t we obtain the equation for instantaneous BS amplitude:
GAAαβ (~x, ~y, t;
~P ) = 2iλ
∫
d4z △ (x− z) {1− (22)
− 1
(2mc)2
[
~ˆp
2
ξ − ~ˆp
2
x + 2~ˆpη(~ˆpξ − ~ˆpx)
]}
△ (y − z)GAAαβ (η, ξ; ~P )|z=ξ=η.
Let us pass to new variables ~R = 1
2
(~x + ~y), ~r = ~x − ~y - total and relative coordinates
respectively. Then BS amplitude has the form:
GAAαβ (~x, ~y, t;
~P ) = e−iµAA(
~P )t+i ~P ~RKAAαβ (~r, 0;
~P ), (23)
where
KAAαβ (~r, 0; ~P ) = 〈0 | Ψ(−)α (
~r
2
, 0)Ψ
(−)
β (
−~r
2
, 0) | DAA(~P )
〉
. (24)
Combaining all mentioned above and passing in the eq (22) to the momentum represen-
tation (the expressions for another two cases are obtained by the same way) we have:
FAA,A˜A˜αβ (~s;
~P ) = λ
2
(2π)3
∫
d3k
1 + (2mc)−2[(~k + ~s)2 − ~P 2]
EA,A˜(
~P
2
+ ~k) + EA,A˜(
~P
2
− ~k)− µAA,A˜A˜(~P )
FAA,A˜A˜αβ (
~k; ~P ),(25)
FAA˜αβ (~s;
~P ) = λ
2
(2π)3
∫
d3k
−1 + (2mc)−2[(~k + ~s)2 − ~P 2]
EA(
~P
2
+ ~k) + EA˜(
~P
2
− ~k)− µAA˜(~P )
FAA˜αβ (
~k; ~P ).(26)
This is exactly the equations obtained in frameworks of eigenstate problem. The functions
DAAαβ (~s;
~P ) =
FAAαβ (~s;
~P )(
EA(
~P
2
+ ~s) + EA(
~P
2
− ~s)− µAA(~P )
) , (27)
DA˜A˜αβ (~s;
~P ) =
F A˜A˜αβ (~s;
~P )(
EA˜(
~P
2
+ ~s) + EA˜(
~P
2
− ~s)− µA˜A˜(~P )
) ,
DAA˜αβ (~s;
~P ) =
FAA˜αβ (~s;
~P )(
EA(
~P
2
+ ~s) + EA˜(
~P
2
− ~s)− µAA˜(~P )
) ,
5
have the meaning of bound states wave functions.
So we have got the closed equations for DAAαβ (
~k; ~P ), DA˜A˜αβ (
~k; ~P ) and DAA˜αβ (
~k; ~P ). The
solutions for (25,26) would have the following form:
Fαβ = Aαβ(~P ) + ~k
2Bαβ(~P ) + ~k ~Cαβ(~P ). (28)
Here Aαβ(~P ), Bαβ(~P ), ~Cαβ(~P ) are matrixes depending only on ~P .
I). First, let us consider the equations (25) for the bound states of the same kind
particles, analyzing the bound state rest-frame case, that is ~P = 0. As one can see, the
wave functions for these bound states have a definite symmetry:
DAAαβ (
~k; 0) = −DAAβα (−~k; 0), DA˜A˜αβ (~k; 0) = −DA˜A˜βα (−~k; 0). (29)
Therefore symmetrical and skewsymmetrical parts of DAA(~k; 0), DA˜A˜(~k; 0) are splitted.
Then in solution (28) (Aαβ, Bαβ, ~Cαβ are constant matrices) skewsymmetrical Aαβ and Bαβ
and symmetrical ~Cαβ over α, β matrices contribute independently to the bound states and
correspond to isoscalar and isovector states. Hence it follows, that Aαβ = Aǫαβ , Bαβ =
Bǫαβ and ~Cαβ can be expanded over three symmetrical matrices: I, τ1, τ3. According
to these remarks the equation (25) is brought to the following set of equations:
A = I0A+ (2mc)
−2I1A+ I1B + (2mc)
−2I2B,
B = (2mc)−2I0A+ (2mc)
−2I1B,
C iαβ = (2mc)
−2I ijCjαβ . (30)
Here
In =
2λ
(2π)3
∫
d3k
(~k2)n
2EA(~k)− µs
; I ij =
2λ
(2π)3
∫
d3k
2~ki~kj
2EA(~k)− µv
. (31)
µs, µv ≡ µAA(0), µA˜A˜ stand for isoscalar and isovector states masses of bound states
AA, A˜A˜ accordingly. Let us introduce the dimensionless parameter G = 2g/(mAc
2) and
the parameters:
χ2s = mA(2mAc
2 − µs), χ2v = mA(2mAc2 − µv). (32)
The equations on these parameters χs, χv follow from (30).
From the last relation of (30) using (31) we obtain usual ”gap” equation for isovector
state:
1 =
λ
(2π)3
mA
3m2c2
Λ∫
d3k
~k2
~k2 + χ2v
(33)
First two equations (30) form linear homogeneous system with respect to A and B.
Demanding the determinant of this system to be zero we come to the equation on µs:
(
I1 − (2mc)2
)2
= I0
(
I2 + (2mc)
4
)
. (34)
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Then from (34) the equation on χ2s follows:
λmA
(2π)3
Λ∫
d3k
~k2 + χ2
=
(
mAg
(2mc)2
− 1
2
)2 1
2
− χ
2
(2mc)2
+
mAg
(2mc)2
· <
~k2 > +χ2
(2mc)2


−1
(35)
As it was shown in [4] there are three inequivalent operator realizations of the Hamiltonian
(1) called ”A”, ”B” and ”C” cases. The demand in ”B” case corresponding to zero
vacuum energy for the one particle energy to have the usual nonrelativistic form, EB(~k) =
(2mA)
−1k2 +mAc
2, leads to the expressions: < k2 >= m2Ac
2
[
1 +G+
√
1 +G
]
, allowing
to exclude the parameter < k2 >. Then after integration in the l.h.s. of equation (35) we
derive transcendental equation:
(z2c1 − c2)(z − arctan z) = z3, (36)
where
c1 =
9
20
· 3 + 2G+
√
1 +G
1 +G+
√
1 +G
, c2 =
3
4
G
(
1 +
2
1 +
√
1 +G
)
, z =
Λ
χs
The analysis of this equation shows that it always has a solution at c1 > 1. With a good
accuracy c1 ≃ 910G, therefore, the condition of the existence of a solution for bound state
with zero isospin reduces to G > 10
9
. From the numerical solution of the equation (36)
follows that z(G) strongly changes in the region 10
9
< G ≤ 1.3, but further on, at G ≥ 1.3,
is slowly achieving its asymptotic value z(∞) =
√
5
6
.
II).Now let us consider the equation (26) for wave function of the two different kind
particle bound state. In this case there is no such a symmetry as took place for bound
states of particles AA and A˜A˜ (29). Therefore the solution (28) can not be splitted, and
one should solve the homogeneous system of three equations for matrixes Aαβ(~P ), Bαβ(~P ),
C iαβ(
~P ). The denominator of (26) contains two different one-particle excitations spectra
EA(
~P
2
+ ~k) and EA˜(
~P
2
− ~k). Using the explicit form of these spectra (12) and changing
the variable ~k → ~κ = ~k + ~Pγ where γ = mc2/g = (1 + √1 +G)/G one could
obtain the same (symmetrical over ~κ) structure of the denominator in the kernel of the
equation (26) as in previous case. The system of equations to determine the matrixes
Aαβ(~P ), Bαβ(~P ), C
i
αβ(
~P ) now reads:
(
−(2mc)2I0(~P ) + ~P 2((2γ)2 − 1)I0(~P ) + I1(~P )− 1
)
Aαβ(~P ) +
+
(
−(2mc)2 + ~P 2((2γ)2 − 1)I1(~P ) + I2(~P )
)
Bαβ(~P )− 4
3
γI1(~P )~P ~Cαβ(~P ) = 0,
I0(~P )Aαβ(~P ) + (I1(~P )− 1)Bαβ(~P ) = 0, (37)
4γI0(~P )~PAαβ(~P ) + 4γI1(~P )~PBαβ(~P )−
(
2
3
I1(~P )− 1
)
~Cαβ(~P ) = 0,
where M2(~P ) =
~P 2
4
(1− 4γ2)− (2mc)2+ < ~k2 > −2mγµ(~P );
In(~P ) =
V ∗
(2π)3
∫
d3s (~s 2)n
~s 2 +M2(~P )
, (38)
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As it is seen from the last equation of (37), the vector ~Cαβ(~P ) has the structure ~Cαβ(~P ) =
~PCαβ(~P ) + ~C
0
αβ(~P ). Substituting this expression into the system (37), we obtain at first
the equation
2
3
I1(~P ) ~C
0
αβ =
~C0αβ, , (39)
and secondly the condition for determinant of the system:(
−(2mc)2I0(~P ) + ~P 2((2γ)2 − 1)I0(~P ) + I1(~P )− 1
)
Aαβ(~P ) +
+
(
−(2mc)2 + ~P 2((2γ)2 − 1)I1(~P ) + I2(~P )
)
Bαβ(~P )− 4
3
γI1(~P )~P
2Cαβ(~P ) = 0,
I0(~P )Aαβ(~P ) + (I1(~P )− 1)Bαβ(~P ) = 0, (40)
4γI0(~P )Aαβ(~P ) + 4γI1(~P )Bαβ(~P )−
(
2
3
I1(~P )− 1
)
Cαβ(~P ) = 0
to be equal to zero. So the equation (39) determines the solution for isovector state:
2
3(2π)3
∫
d3s~s 2
~s 2 +M21 (~P )
=
1
V ∗
. (41)
The system (40) has no fixed tensor structure so the mentioned condition for determinant
of the (40) gives the equation for bound state mass µAA˜(
~P ) of isoscalar and isovector
states in the similar form:
µs
AA˜
(~P ) = µv,2
AA˜
(~P ) =
G~P 2
4mA
[
5 + 12γ2 − 24γ
2
1 + 2M22 (~P )I0(~P )
]
. (42)
At infinitesimal ~P bound state energy µAA˜(
~P ) tends to zero, that corresponds to the
Goldstone mode. The existence of these four Goldstone modes was shown algebraically
in the paper [4]. Such a state is generated by the operator Q†αβ =
∫
d3kA†α(
~k)A˜†α(−~k):
Q | 0〉 = | DAA˜(0)〉 . (43)
Therefore the wave function DAA˜αβ (
~k; 0) = 1 at ~P = 0. Let us substitute the solution (28)
into eq.(26) at ~P = 0, taking into account that ~Cαβ(0) = 0. Thus we obtain the relation
− 2g + g
~k2
2m2c2
+ g
< ~k2 >
2m2c2
= EA(~k) + EA˜(−~k), (44)
which according to (12) is identity independently of the cut-off Λ value.
The authors are grateful to A.N.Vall, S.E.Korenblit and V.M.Leviant for inspiring
discussions.
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